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We investigate the influence of vibrational phonon modes on the entanglement through a quantum
dot molecule under the bias voltage driven field. The molecular quantum dot system can be realized
by quantum dots inside the suspended carbon nanotube. This system would be described by the
Anderson- Holstein model and also can be analyzed through the polaron master equation in Marko-
vian regime. The influence of bias voltage and temperature on the entanglement are studied in the
presence of electron-phonon interaction. Although the decoherence originated from phonons leads
to the entanglement degradation, it would be possible to preserve the entanglement in a significant
level by employing the asymmetric coupling protocol and tuning the bias voltage. We demonstrate
that the phenomenon of thermal entanglement sudden death and revival in a finite temperature
interval can be observed in the concurrence-temperature plot. Also, when a time-dependent bias
voltage is applied, the time evolution of periodic concurrence shows increment in certain amplitudes
and frequencies while it illustrates decrement in response to the increase of harmonic voltage. This
behavior of entanglement can be explained due to the intrinsic response of electrons to the bias
voltage.
I. INTRODUCTION
Quantum entanglement has been considered as a cru-
cial resource in quantum information processing which
utilizes the non-local correlations without any classical
analogs[1–3]. Because of advancements of condensed
matter physics, the realization of quantum entanglement
in these system has attracted a great deal of atten-
tions. The entanglement of fermions in condensed mat-
ter systems as indistinguishable particles can be evalu-
ated by fermionic concurrence[4–8] in analog with Woot-
ter’s formula[9, 10]. To characterize the fermionic concur-
rence, quantum dot qubits consist of electrons have at-
tracted considerable attention[11]. Quantum dots(QDs)
as artificial atoms play prominent roles in quantum infor-
mation studies. Discrete energy levels of QDs can be eas-
ily tuned by applying gate voltages[12, 13]. For realizing
such structures, carbon nanotube (CNT) provides a po-
tential setting[14, 15]. In a suspended carbon nanotube,
when the central part is fixed and two lateral sides are
suspended to oscillate freely, it is performed as quantum
dots[16, 17]. Physical features of quantum dot molecule
in a suspended CNT are strongly affected from electron-
phonon interaction[18]. The effect of electron-phonon
coupling which is influenced by surrounding harmonic
lattice vibrations can determine many characteristics of
quantum systems.
Furthermore, quantum dot molecules(QDMs) formed
by coupled QDs are taken into account as promising
candidates for studying the quantum transport as well
as quantum entanglement features[19–22]. In a study
of transport properties through a double quantum dot
setup coupled to phonon modes, it was shown that a
negative differential conductance was given rise because
of the presence of electron-phonon coupling[16]. It was
investigated how vibrational degrees of freedom affect
the thermoelectric transport through a quantum dot
molecule by the nonperturbative numerical renormaliza-
tion group method[23]. The rectification influence of elec-
tronic heat current through a two-coupled quantum dot
system was studied in the presence of electron-phonon
interaction[17]. In addition, the evaluation of the charge
carrier mobility in systems with the electron-phonon
coupling in finite-temperature was calculated with the
one-dimensional Holstein model[24]. Among various ap-
proaches to study the electron-phonon interaction, the
coupling of quantum dot-phonon can be described with
the quantum master equation in both Markovian[25] and
non-Markovian[26] regimes. The power broadening of
a quantum dot cavity-QED system which is interacting
with phonon reservoir was studied. It was investigated
by a time-convolutionless quantum master equation ap-
proach in the polaron frame[27]. Moreover, the quan-
tum entanglement of polaron systems was investigated
in two models of local and nonlocal electron-phonon
coupling[28]. It was shown that the quantum entangle-
ment could be characterized for the crossover between
small and large polaron regimes[29].
Due to the relevance of quantum entanglement, in the
present contribution we propose a system to provide for-
mation of entanglement and preserve it. In this study,
we propose a molecular quantum dot setup in a biased
junction to investigate the effects of phonon decoherence
on the quantum entanglement. To reduce the influence of
phonon dissipation on the dynamics of entanglement, we
employ the strategy of asymmetric coupling to maintain
the entanglement between QDs. Driving bias voltage in
both types of constant and time-dependent fields are ap-
plied to the junction. The primarily well-known response
of a QDM in a bias voltage junction is an electric trans-
port. After calculating the density matrix of the system,
we first obtain the current-voltage(I-V) characteristic to
2be sure that our setup can correctly work regarding bias
voltage. Then, we introduce concurrence-voltage(C-V)
and concurrence-temperature(C-T) curves to investigate
the polaron entanglement of our QDM system in response
to an applied bias voltage. Also, we observe the thermal
entanglement sudden death and revival in a finite temper-
ature interval for this system. Moreover, we theoretically
study that how time evolution of polaron concurrence
changes with periodic voltage. The main advantage of
the proposed QDM setup refers to its strength to keep
QDs entangled by applying the asymmetric protocol and
its high-controllability by manipulating the easy tunable
driven bias voltage.
The outline of this paper is organized as follows: In
Sec. II, we propose a model describing the quantum dot
molecule with phonon modes in a bias voltage junction,
and also describe the relevant polaron transformation.
We calculate the Markovian master equation, and then
define the current, concurrence and asymmetric factor
for the present QDM setup in Sec. III. In Sec. IV, we
present and discuss the results for the behavior of current
and concurrence when bias voltage changes is constant or
time-dependent. Finally, we briefly conclude in Sec. V.
II. MODEL
The physical system under study in the present contri-
bution is a molecular double quantum dot setup in which
each quantum dot is coupled to a single phonon mode in a
tunnel junction that is schematically shown in Fig.1. The
main purpose of this study is to investigate the quantum
transport as well as quantum entanglement. The pro-
posed QDM can be realized by implementing a suspended
carbon nanotube. Quantum dots in a suspended carbon
nanotube can be defined when two lateral sides are sus-
pended oscillatory and the central part is fixed[16, 17].
Single energy level QDs A and B are attached to the
normal metal leads L and R. These leads are held at
chemical potentials µL and µR(µL¿µR) to provide the
bias voltage V = µL−µR. The total Hamiltonian of this
system is given by:
H = HQDM +HRes +Hint. (1)
To take into account the vibrational effects on this quan-
tum dot molecule in the presence of electron-phonon in-
teraction, the Anderson-Holstein model can be used[30,
31]. For simplicity, we define HQDM with the spinless
Anderson-Holstein Hamiltonian as [23]:
HQDM =
∑
α=A,B
(
εαd
†
αdα + ωphb
†
αbα + tphnˆα(b
†
α + bα)
)
+ tAB(d
†
AdB + dAd
†
B), (2)
here, HQDM consists of Hamiltonian of quantum dots,
Hdots =
∑
α=A,B εαd
†
αdα + tAB(d
†
AdB + dAd
†
B), Hamil-
tonian of phonons, Hph =
∑
α=A,B ωphb
†
αbα and
FIG. 1. A QDM system consists of quantum dots A and B
are located in a suspended CNT, coupled to the local phonon
mode with frequency ωph and connected to the leads L and
R. t is inter-dot coupling strength and coupling strengths of
QDs to leads are: TAL, TAR, TBR, TBL. Energy levels of
QDs, εA and εB are tuned by gate voltage G. Leads are held
in potential difference V .
Hamiltonian of electron-phonon interaction, Hel−ph =∑
α=A,B tphnˆα(b
†
α + bα). In which, εα denotes the elec-
tronic energy level of quantum dot α, ωph is the lo-
cal phonon frequency, tph shows the strength of the
electron-phonon coupling and tAB is the inter-dot hop-
ping amplitude which with no loss of generality is taken
as real parameter. Moreover, d†α(b
†
α) indicates the elec-
tron(phonon) creation operator, and nˆα = d
†
αdα is the
occupation operator for quantum dot α = A,B. It
should be note that the fermionic operators dα fulfill the
fermionic anti-commutator whereas bα’s are bosonic in
their nature. The Hamiltonian of reservoirs can be writ-
ten as:
HRes =
∑
k,ν=L,R
ǫk,νc
†
νcν , (3)
in which ǫk,ν denotes the energy level of normal-metal
reservoir ν = L,R and c†ν creates an electron in lead
ν. The interaction Hamiltonian in Eq.(1) corresponds to
tunneling between QDs and electrodes which is described
as:
Hint =
∑
k,α,ν
(
Tkανc
†
kνdα + T
∗
kανckνd
†
α
)
. (4)
The tunneling coefficient, Tkαν , defines the coupling
strength depending on k, the momentum of an electron
in lead ν and the site of quantum dot α. In order to
proceed further, it would be appropriate to diagonalize
the HQDM in Eq.(2). To this end, we apply polaron
Lang-Firsov transformation which is given through the
following relation[31, 32]:
H¯ = eSHe−S, S =
∑
α
gphnˆα(b
†
α − bα). (5)
Here, gph =
tph
~ωph
denotes the coupling of the lo-
cal phonon mode with energy ~ωph. This transforma-
tion eliminates the electron-phonon coupling term in
3HQDM (Eq.(2)). So, the transformed QDM Hamiltonian
is obtained as:
H¯QDM =
∑
α
(
ε¯αd
†
αdα + ~ωphb
†
αbα
)
+tAB
(
d
†
AdB + dAd
†
B
)
,
(6)
where ε¯α = εα − g2phωph indicates the renormalized QD
energy levels. As a consequence of transformation intro-
duced in Eq.(5), the Hamiltonian of the uncoupled leads
remains unchanged while the tunneling Hamiltonian is
transformed as bellow:
H¯int =
∑
k,α,ν
(
Tkανc
†
kνXαdα + T
∗
kανckν .X
†
αd
†
α
)
. (7)
Here, Xα = e
gph(b
†
α−bα) shows the polaron operator. To
study the dynamics of the system governs by the trans-
formed Hamiltonian, in the next section we first calculate
the quantum master equation(QME) and then we inves-
tigate the interested quantities: current, concurrence and
asymmetric factor.
III. DYNAMICS
To study the dynamics of the present molecular quan-
tum dot system in the presence of electron-phonon cou-
pling and to obtain the quantum transport and quan-
tum entanglement, we start from the Liouville-von Neu-
mann equation of the whole system in the interaction
picture[33]. The complete system is consisted of the
central double quantum dot system, with Hilbert space
Hdots, electronic reservoirs, with Hilbert space HRes, and
oscillating phonon baths, which are defined with Hilbert
spaces Hph. Consequently, the total Hilbert space of the
whole system is defined as Htot = Hdots ⊗ HRes ⊗ Hph.
Here, we suppose that the quantum dots are weakly
coupled with reservoirs and for high enough phonon
frequency, strong electron-phonon coupling is obtained.
Therefore, we can apply Born-Markov approximation
and the density matrix of the total system is approxi-
mately characterized ρtot(t) ≈ ρdots(t)⊗ ρRes(t)⊗ ρph(t)
for thermal equilibrium baths. By tracing out the bath
degrees of freedom for both reservoirs and phonon baths,
the quantum master equation of central QDM system is
obtained as:
dρs
dt
= − i
~
[H¯int(t), ρ(t)]
− 1
~2
∫ ∞
0
dt
′
TrResTrph
[
H¯int(t)
[
H¯int(t− t
′
), ρtot(t)
]]
.
(8)
Here, the Lamb shift which is the first term of Eq.(8)
is ignored in the regime of parameters tAB ≤ Tα,ν ≤
tph which means that we assume the coupling of
dots with reservoirs are between the inter-dot coupling
and electron-phonon coupling magnitudes. By using
the transformed Hamiltonians, Eq.(5) and Eq.(7), into
Eq.(8) the QDM subsystem density matrix fulfills the
following equation:
dρs
dt
=
∑
α,ν
(M+α,ν
[
2dαρs(t)d
†
α − d†αdαρs(t)− ρs(t)d†αdα
]
+ M−α,ν
[
2d†αρs(t)dα − dαd†αρs(t)− ρs(t)dαd†α
]
). (9)
In this equation, M±α,ν describe the tunneling rates as:
M+α,ν =
∑
α,ν
Γ0α,ν
∫
dω〈cνc†ν〉〈X†αXα〉
= Γ0α,ν
∫
dω(1− fν(ω + ǫν))G+α (ω), (10)
and
M−α,ν =
∑
α,ν
Γ0α,ν
∫
dω〈c†νcν〉〈XαX†α〉
= Γ0α,ν
∫
dωfν(ω + ǫβ)G
−
α (ω). (11)
In which, Γ0α,ν = 2πN
0
ν |Tα,ν|2 denotes the tunnel-
coupling strength. The tunnel-coupling coefficients can
be defined in the Lorentzian-form linewidth regime or
in the wide-band limit (WBL)[34]. The Lorentzian
linewidth introduces the effects of finite-bandwidth on
the electron tunneling through the junction while the
WBL defines both the density of states of the leads,
N0ν , and the tunneling matrix element between the reser-
voirs and central system, Tα,ν, constant and energy-
independent. Here for simplicity, we assume our sys-
tem in WBL to deal with constant energy-independent
tunnel-coupling.
We describe the total tunnel-coupling coefficient as
Γ0 =
Γ0AL+Γ
0
AR+Γ
0
BL+Γ
0
BR
4 . In Eq.(10), the corre-
lation function of reservoirs is defined as 〈cνc†ν〉 =
TrRes[ρRescνc
†
ν ] which gives us the Fermi distribution
function of lead ν by fν(ω + ǫν) =
1
eβe(ω+ǫν )+1
. Tem-
perature of electrons in both leads is assumed the same
and is shown by Te, so we have βe =
1
kBTe
. The po-
laron correlation functions are demonstrated by G±α (ω).
Here, negative correlation function is given by G−α (t) =
Trph[ρphXα(t)X
†
α][31], and its Fourier transform which
is G−α (ω) =
∫∞
0 dte
iωtG−α (t) can be calculated as:
G−α (ω) = e
−g(2Nph+1)
∞∑
l=−∞
Il{2g
√
NB(1 +NB)}
× el
ωph
2 β2πδ(ω − ωphl). (12)
Here, Bose-Einstein distribution function of phonon is
Nph =
1
e
βphωph−1
with βph =
1
kBTph
. As phonons in-
side CNT are close to leads, so phonon temperature
is assumed equal to the electron temperature of leads,
Tph = Te. Il denotes the modified Bessel function of the
first kind of order l. The positive and negative correla-
tion functions are related to each other by the relation
G+α (ω) = G
−
α (−ω). Now with the calculated polaron
4correlation function of system, we can proceed further
to obtain the quantities of polaron transport as well as
polaron concurrence.
A. Current
To have quantum transport through the QDM system,
an external bias voltage V is applied across the junc-
tion from the left reservoir which is illustrated in Fig.1.
Therefore, electric current flows from the left lead as a
source into the dots and follows to the right lead as a
drain. Electric current out of lead ν can be defined as the
change of the expectation value of particle numbers[31]:
Iν(t) = −e d
dt
〈N〉ν = ie
~
[Nν(t), Hint(t)]
=
ie
~
∑
kν
(Tkναcˆ
†
kν dˆα − T ∗kναcˆkν dˆ†α), (13)
in which Nˆν =
∑
ν cˆ
†
ν cˆν . The QME relation in Eq.(8)
can be rewritten in the matrix form as ρ˙ = Mρ, where
matrixM corresponds to the characteristics of the master
equation. According to the matrix formalism of QME,
we can express the electric current as [8, 35, 36]:
Iˆν(t) = −e d
dt
〈N〉ν = −e d
dt
T rν [Nνρ],
=
e
~
〈N |Mν |ρ〉 (14)
whereMν denotes the contribution of lead ν in matrixM .
Here, we study the stationary transport which is obtained
when the system takes long enough time(t→∞) to reach
the steady state.
B. Concurrence
To study the entanglement of the quantum dot sys-
tems, concurrence is an appropriate measure. The en-
tanglement of QDs which consist of electrons as indis-
tinguishable particles should be calculated in the formal-
ism of fermionic concurrence. In the previous paper[8],
we discuss that the fermionic concurrence for indistin-
guishable particles can be characterized by analog with
Wootters formula. Wootter’s proposed the measure of
concurrence to quantify the entanglement of two qubit
systems such as quantum dots for both pure and mixed
states[10]. The concurrence of two QDs is defined as:
C(ρ) = Max[0, λ1 − λ2 − λ3 − λ4], (15)
where, λi, (i = 1, 2, 3, 4) are the non-negative eigenvalues
of matrix R in decreasing order, λ1 > λ2 > λ3 > λ4.
Matrix R is evaluated as R =
√√
ρρ˜
√
ρ with the density
matrix of the system, ρ, and ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy).
Here, ρ∗ shows the complex conjugate of the density ma-
trix and σy represents the y element of Pauli matrices.
The concurrence take value in interval between zero, for
separable state, and one for maximally entangled states.
The basis states of the present QDM system with quan-
tum dots A and B(Fig.1) can be selected as |ψ〉AB =
|Φ〉A ⊗ |Φ〉B. In which, |Φ〉A and |Φ〉B denote the
states of quantum dot A and B, respectively. We sup-
pose each dot as a single energy level contains unoc-
cupied |0〉α and occupied |1〉α states with the ener-
gies 0 and εα(α = A,B), respectively. Therefore, we
can present the total form of the occupation states as
|0A, 1A, 0B, 1B〉 = |0A, 1A〉 ⊗ |0B, 1B〉. Here, to obtain
the polaron concurrence of the QDM system, we assume
that QDs are not entangled initially which means that
the dynamics starts from the state of |0, 0, 0, 0〉. Thus,
we consider the initial state of two coupled unentangled
QDs as:
ρ(0) =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 . (16)
Previously, we achieved that the concurrence of QDM
with an unentangled initial state in a biased junction
can be received to the maximum amount when the cou-
pling coefficients between the system-leads are taken into
account asymmetrically[8]. To obtain the most amount
of entanglement for our polaron QDM, we consider the
asymmetric structure. In the following, we describe an
asymmetric protocol to provide us a parameter thorough
which we can follow the role of asymmetric coupling on
the entanglement.
C. Asymmetric Factor
In this study, employing a phonon bath for our QDM
setup as a dissipation process leads to entanglement
degradation. We try to compensate for the effect of
phonon dissipation by applying the coupling coefficients
in a left-right asymmetric way. This may lead to keeping
the amount of current and entanglement quantities in sig-
nificant level. Very recently, we defined an asymmetric
factor to express the influence of left-right asymmetric
energy dependent coefficients to achieve the robust en-
tanglement of a QDM system in a Josephson junction[8].
For the present system, the energy dependent param-
eters which can be taken into account asymmetrically
are the coupling strengths of QDs with the reservoirs.
Tuning gate voltages provide coupling coefficients left-
right asymmetrically. Usually for simplicity, only the
coupling of QD with the near-lead is considered [37], but
here we assume that QDs are connected to both near
and far reservoirs with different non-zero couplings. The
strength of asymmetry of couplings can be demonstrated
by the asymmetric factor which is defined as[8]:
κ =
κA + κB
2
, (17)
5where κα = |TαL−TαRTαL+TαR | in which TαL(TαR) is the coupling
strength of QDα with the left(right) reservoir shown in
Fig.1. The amount of asymmetric factor ranges from zero
for symmetric coupling coefficients, to a unit for com-
pletely asymmetric ones.
The symmetric structure is defined when each QD is
coupled to the left and right leads with the same coupling
coefficient, TαL = TαR, which provides minimum magni-
tude of asymmetric factor, κ = 0. The asymmetric struc-
ture is referred to the left-right different coupling coeffi-
cients, TαL 6= TαR, with 0 < κ ≤ 1 amount. Completely
asymmetric configuration with κ ≃ 1 can be realized for
specific physical situations when the strength coupling of
near-lead is much larger than the far-lead. It means that
for QDA(QDB), it provides TAL ≫ TAR(TBR ≫ TBL).
In the next section, we present the response of QDM sys-
tem to constant(dc) and time-dependent(ac) voltage.
IV. RESULTS
In this section, we present the result of investigating
the behaviors of polaron electric current as well as po-
laron concurrence in response to the bias voltage and
temperature. Moreover, the dynamics of the system for
both constant and harmonic time-varying bias voltage is
studied. For simplicity and with no loss of generality,
the phonon resonances in each QD are selected with the
same magnitude, ωph. Also, the phonon temperature is
selected as equal as the temperature of electrons in reser-
voirs, T .
A. Constant Voltage
In this subsection, we suppose that the QDM is driven
by a dc bias voltage. First, we calculate the polaron elec-
tric current as a function of bias voltage and present the
I-V characteristic. Then we investigate the dependence
of the concurrence on the constant bias voltage as well
as temperature through studying C-V and C-T charac-
teristic curves.
1. Current-Voltage
In Fig.2, we show I-V curve through the molecular
double dot system for different magnitudes of electron-
phonon coupling strength, gph. In the absence of
phonons, gph = 0, we consider the symmetric coupling co-
efficient, κ = 0, while for non-zero electron-phonon cou-
pling, QDs are prepared asymmetrically with κ = 0.262.
In this figure, we see that in a certain electron-phonon
coupling, the behavior of current is normally growing due
to the increase of bias voltage. Moreover, in a fixed bias
voltage, the current has lower magnitude for the higher
amount of electron-phonon coupling constants. In the
case of gph = 0, when energies are in resonant with the
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FIG. 2. Current-Voltage behavior in the presence of phonon
in quantum dots for kBT
~ωph
= 0.2 and I0 = e
Γ0
~
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FIG. 3. Concurrence-Voltage behavior for κ = 0.55, (a): in
certain electron-phonon coupling amounts with kBT
~ωph
= 0.2.
(b): in certain temperatures with gph = 0.1.
energy level of QDs, the current illustrates steps and
for high bias voltage, it receives to a flat form. In the
presence of electron-phonon coupling for gph = 0.1 and
gph = 0.2, current is reduced and exhibits smooth depen-
dence on the energy which causes the step structure to
be disappeared.
2. Concurrence-Voltage
Fig.3 illustrates the concurrence dependency on the
bias voltage, C-V characteristic curve, in two panels for
asymmetric coupling coefficients with κ = 0.55. Panel
a of this figure demonstrates the influence of electron-
phonon coupling strength on the concurrence. Similar to
I-V curve in the case of no phonon coupling strength, the
concurrence is increased by the increment of bias volt-
6age. Also, concurrence exhibits steps in QDs energies
and finally, it reaches to a steady behavior. For non-
zero phonon coupling(dashed and dot-dashed curves),
the concurrence follows the same curve as no phonon
case(solid line) only a little smoother and with lower mag-
nitude. For higher phonon coupling amount, the concur-
rence is reduced but not disappeared. The main reason
for this behavior is that although the phonon dissipa-
tion decreases the concurrence magnitude, it can be kept
in significance level because of applying the asymmet-
ric coupling structure with non-zero asymmetric factor.
We plot C-V curve in Fig.3b for a fixed phonon coupling
strength gph = 0.1 and different temperatures to figure
out the concurrence behavior at selected temperatures.
The point is that for significantly high temperature, the
QDs are still entangled because of applying the strategy
of asymmetric structure coupling. However, the electron-
phonon interaction and temperature increasing lead to
entanglement degradation in the present system.
3. Concurrence-Temperature
To obtain more information about the evolution of
entanglement in the present system, the dependence of
concurrence on the temperature(C-T characteristic) is
shown in Fig.4. In this figure, the concurrence of two
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FIG. 4. Concurrence-Temperature behavior for eV
~ωph
= 0.1
and κ = 0.63.
initially unentangled electrons is increased by growing
temperature. By more increasing temperature, the con-
currence reaches to its maximum amount and then re-
duces such that to be disappeared. After a finite interval
temperature, concurrence is raised again at the presence
of electron-phonon interaction. This behavior of con-
currence with respect to the increase of temperature is
similar to the sudden death and revival of entanglement
through the time. Therefore, in analog to the entan-
glement sudden death and revival definition[38], we in-
troduce thermal entanglement sudden death and rebirth.
Since this happens in the presence of electron-phonon
interaction, it would be known as phonon assisted entan-
glement revival. In C-T curve (Fig.4), thermal entangle-
ment sudden death refers to the complete disappearance
of entanglement at a finite temperature interval. Ther-
mal entanglement rebirth corresponds to the reappearing
of entanglement after its sudden death in a period of tem-
perature. In the future to investigate more on this phe-
nomenon, we can introduce the temperature for the en-
tanglement death, Tdeath, when the concurrence receives
to zero and also the temperature for the entanglement
revival, Trevival, in the case of the rebirth concurrence
after its death.
B. Time-dependent Voltage
To further investigate the parameters which affect the
entanglement of QDM setup which corresponds to the
phonon decoherence, we apply time-dependent voltage.
Time-varying potential can be step-type, square-shaped
and harmonic voltage modulations[39, 40]. Here, we
implement an ac periodic voltage to the quantum dot
molecule as:
Vac(t) = V
0
acCos(ωact), (18)
where V 0ac and ωac denote the amplitude and frequency
of oscillating voltage, respectively. Applying a time-
dependent voltage to a QD system in a junction can
cause the energy of QD, the energy of leads and the cou-
pling matrix elements become time-dependent parame-
ters.. Here, we assume our system inWBL regime to have
tunnel-coupling coefficients as the constant and energy-
independent parameters. In the following first, we focus
on the response of current and then polaronic entangle-
ment on the periodic voltage.
1. Current
In figure 5a, the dynamics of current under the
harmonic voltage for various driving amplitudes and
frequencies in fixed electron-phonon coupling strength
is shown. Oscillatory current curves(dashed and
dot-dashed) illustrate rising extensively than the dc
one(solid). Normally, when the phonon dissipation is
not rising, gph = const., in the case of increasing ampli-
tudes and frequencies of harmonic voltage, the current is
increased. Fig.5b exhibits current-voltage characteristic
for the given electron-phonon coupling with a fixed fre-
quency of varying-time voltage. In this figure, I-V curve
is increased by rising the oscillating voltage in the certain
amplitudes. For higher amplitude amounts, the current
increases more quickly and receives to steady state faster.
2. Concurrence
The time evolution of concurrence is shown in Fig.6.
By increasing the frequency as well as the amplitude of
driven voltage, the concurrence reaches to higher val-
ues quickly. In contrast with concurrence time evolu-
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tion(Fig.6), C-V characteristic for time-dependent volt-
age demonstrates decreasing for both higher amplitudes
with a fixed frequency in Fig.7a and for certain oscil-
lating frequency with a fixed amplitude in Fig.7b than
the dc voltage, the solid line with V 0ac = 0 or ωac = 0.
It is interesting that in panel (a) of Fig.7 which is plot-
ted for fixed amplitude, concurrence is increased by ris-
ing frequency. Although in all frequencies from low to
high, the magnitude of concurrence is less than dc voltage
with zero frequency. Drawing a comparison between I-V
curve(Fig.5b) with C-V characteristic(Fig.7b) one finds
that by increasing the amplitude of bias voltage, elec-
tric current is raised while the polaron concurrence is
decreased. This opposite response originates from the
behavior of electrons with respect to the driven bias volt-
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age. By increasing the voltage, electrons can transfer
more quickly which leads to the larger current amount.
However when electrons move faster, their entanglement
is decreased. The main reason is that the entanglement
is attributed to electron presence in QDs.
However, Fig.7 illustrates that C-V curve for time-
dependent voltage exhibits robustness entanglement
against the variation of amplitude and the frequency of
driven voltage. This behavior demonstrates the strength
of the introduced QDM setup to protect the entangle-
ment of electrons under the time-varying bias voltage
control in spite of the phonon decoherence presence.
V. CONCLUSIONS
We have studied the polaronic concurrence of a molec-
ular quantum dot setup with the asymmetric tunnel-
coupling coefficients under the bias voltage control. The
quantum dot molecule with the electron-phonon cou-
pling could be realized in a suspended carbon nanotube
structure. We described this polaronic system by the
Anderson-Holstein model and analyzed it by the polaron
master equation in Born-Markov approximation. The en-
tanglement between the presence of electrons in QDs is
studied through the concurrence. The influence of bias
voltage and temperature on the concurrence are inves-
tigated. Phonon dissipation decreases the concurrence
magnitude in response to the bias voltage increase. How-
ever, the entanglement in the introduced system can be
controlled and preserved by the implementation of asym-
metric coupling and the manipulation of driven bias volt-
8age. In concurrence-temperature curve, polaronic con-
currence shows a sudden death and it was re-entangled
after a limited interval temperature by the increase of
temperature in the presence of electron-phonon interac-
tion. For the external time-dependent bias voltage, the
time evolution of concurrence showed rising while it illus-
trated decreasing regards to bias voltage increment. This
manner of entanglement is originated from the electron
behavior to the bias voltage.
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